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The subdivision graph of a graceful tree is a graceful tree
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Abstract

Koh, Rogers and Tan (Discrete Math. 25 (1979) 141-148) give a method to construct
a bigger graceful tree from two graceful trees. Based upon their results, we give a new construc-
tion, which allows us to prove that the subdivision graph of a graceful tree is still a graceful
tree.

According to [4], let T'(n) be a tree on n vertices. A valuation on T(n), is a bijection
0 from the vertex-set of 7'(n) onto the set N ={1,2,...,n}. For each edge uv in T(n),
the weight of uv, denoted by O(uv), is the value |0(u) — 0(v)|. The system (7(n),0) is
said to be graceful if the weights of all edges of T(n) are distinct, then are exactly the
integers {1,2,...,n — 1}. A tree T is called a graceful tree if there exists a valuation
0 on T, such that the system (7,0) is graceful. In this case, 0 is called a graceful
valuation on T.

The Ringel-Kotzig-Rosa conjecture states that all trees are graceful (see [3,5]).
Most of the results about this conjecture are based on constructive methods generating
graceful trees from smaller ones. In [4], Koh et al. give a method to construct a
bigger graceful tree from two given graceful systems, which is based on the following
construction.

The A-construction. Let (T(m),0,,) and (T(n),0,) be two graceful systems, where
T(m)=[wi,...,wy,} and T(n)={vy,...,v,}. Consider an arbitrary fixed vertex v* in
T(n). Based upon the tree 7'(m), adjoin an isomorphic copy T;(n) of T(n) to each
vertex w;, i=1,...,m, in such a way that v* and w; are identified. All the m copies
of T'(n) are pairwise disjoint and no extra edges are added. Such a new tree with mn
vertices is denoted by T(m)AT(n).

* Corresponding author. E-mail: burzio@dm.unito.it.

0012-365X/98/$19.00 Copyright © 1998 Elsevier Science B.V. All rights reserved
PII S0012-365X(97)00069-1



276 M. Burzio, G. Ferraresel Discrete Mathematics 181 (1998) 275-281

5 4 1 2 * 3 Vg
W3 W2 \VI 3 V2=V 6
3 1
Vs
w4 wm2 V15 v341 Vs 2
T(m) = T(5) T(n) = T(6)
23
15 6=6x1
Wy= V5
22
7
18 24
3

T(5) A T(6)

Fig. 1.

Theorem 1 (Koh, Rogers and Tan [4, Theorem 3]). The mapping 0:T(m)AT(n)—
{1,...,mn} defined by

0(6) — (Op(w;)) — Dn+ 0,(v) if d(v*,v) is even,
W= = OO+ 0,(v)  if d(5*, ) is odd

for each v in Ty(n), i=1,...,m, where the distance d is taken in T(n), is a valuation
on T(m)AT(n) and the system (T(m)AT(n),0) is graceful.

In Fig. 1 we reproduce an example of [4], which illustrates the A-construction.

The generalized A-construction. In the proof of Theorem 1 it is explicitly observed
that if wyw; is an edge in T'(m), O(w;w;)=n0,(w;w;). Moreover, if v is the corre-
sponding vertex in T;j(n) of the vertex v in T'(n), we observe that if wyw; is an edge
in T(m), then |0(v) — O(v'/))| = O(w;w;) for each vertex v in T(n). Therefore the 4-
construction can be generalized by connecting 7;(n) and Tj(n) with any edge v()v(/)
instead of the fixed edge w,w;. We call this construction a generalized A-construction.
In Fig. 2 we given an example of it.

Remark. For fixed T(m) and T'(n), m # 1, the A-construction gives at most n different
graceful trees of order mn, one for each choice of v* in T(n), whereas the generalized
A-construction gives ! (m>1) different graceful trees of order mn, for each fixed
vertex v*.

The Ai-construction. If p is a prime, the A-construction, even generalized, is use-
less to construct graceful trees of order p using smaller graceful trees. We give a
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construction, based on the generalized A-construction, which can be useful also in
such a case.

Set (T(m),0,,) and (T(n),0,) as above. Let v™ be an arbitrary fixed vertex in T(n)
and w the vertex of 7(m) with 0,,(w)=m. Consider T(m) — w, which in general is
not a connected tree, but just a disjoint union of trees.

We can still perform the generalized A-construction as follows.

Let v (resp Z) be the vertex of T'(n) with (9,1(; =1 (resp. (9,,(5):11). Remark that
0 is an edge of T(n) so d(v*, 5) and d(v*, E) do not have the same parity.
(T(n),0,) if d(v*, D) is even

Set (T(n),0)=
(T(n),0) if d(v*,7) is odd

where 0/ is the vertex complement valuation of 0, defined by 0/ (v)=n+ 1 — 0,(v),
for each v in T(n) see [6]).

Using the A-construction, construct the graph G = (7T(m) — w)AT(n) with (m — 1)n
vertices, which in general is a disjoint union of trees, and consider the mapping
0:G—{1,...,(m — 1)n}, defined by (see Theorem 1)

] { (0,(wi) — Dn + 0(v) if d(v*,v) is even
= (m—1— 0w+ 0(v) if d(v*,v) is odd

for each v in Ti(n), i=1,...,m — 1.
For each edge vv’ in G the values |0(v) — O(v")| are different and the missing values
from {1,...,(m—1)n— 1} are exactly the multiples np;, where p; = 0,,(w,wy) are the

weights of the edges incident to w in 7'(m). We can now recover the missing values
in the following way. Add to G a new vertex u and, for each k such that wwy is an
edge in T(m), add to G the edges uv®, if =0, (resp. uv®, if G=0"), where v*)
(resp. ZU‘)) is the corresponding vertex of v (resp. Z) in Ti(n). The graph obtained
in a tree and it is denoted by T'(m)A4.;T(n). Moreover,
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Theorem 2. The mapping 01 :T(m)A1T(n)—{1,...,(m — D)n+ 1} defined by
0.1(v)=0() foreachvin G and 0. (u)y=m—1)n+1

is a valuation on T(m)A,1T(n) and the system (T(m)A.1T(n), 0.1) is graceful.
Proof. If 0=0,, it is sufficient to check that 0+1(u§(k)):npk. But

041 (uo®) = 0,1(u) — 0,1 (00)| = [(m — Dn+ 1 = [(0u(wi) — 1)n +1]]
=|m—Dn+1—[(m— pr— Dn+1]|=|pn|= pin.

The case § =0/, is similar. []

Figs. 3(a) and 3(b) give two examples of 4, -constructions.

Observe that in Fig. 3(a) the 4. -construction gives a graceful tree of order 5, ob-
tained non-trivially i.e. not connecting just 5 to 1, from a graceful tree of
order 4.

Since in Fig. 3(b) d(v*, 5) is odd we use the vertex complement valuation on 7(7)
to obtain a graceful valuation on 7(5)4,,7(7), which connects u and the different
copies T;(7) according to the adjacences in 7'(5).

Remark. The A-construction is well-behaving with respect to vertex complement valu-
ation, i.e. if 0/, (resp. 0) is the vertex complement valuation on 7(m) (resp. T(n)) of
0, (resp. 0,) it follows that the vertex complement valuation 6’ of 0 on T(m)AT(n)
can be defined as in Theorem 1 fixing the same vertex v™ in T(n) and using 6/, and
0! instead of 6,, and 0,.

We want to sketch a 4, -construction which gives the vertex complement valuation
of 6,,. Label each vertex v in 7'(n) by

N 0/ (v)+ 1 if d(v*, D) is even,
0v) = <
n+2—0(v) if d(v* v) is odd.

Construct G=(T(m) — w)4T(n) and let 0: G —{2,...,(m — 1)n} be defined by
0 On(wi) — Dn+ é(v) if d(v*,v) is odd,
(v)= -
(m—1—0,(w;))n+0(v) if d(v*,v) is even.

Add to G a new vertex z labelled 1 and, for each k& such that ww; is an edge
in T(m), add the edge zo® if d(v*,7) is even (resp. zo® if d(v*, ) is odd).
In this way we obtain a tree and the labelling on its vertices is the vertex complement
valuation of 6.
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Remark. Theorem 1 of [4] can be obtained as a corollary of Theorem 2 by choosing
as T'(m) the star K , with center w.
If each edge e =uv of a graph G is replaced by a new vertex w and the edges uw
and vw, then the resulting graph is called the subdivision graph of G and is denoted

by S(G).

Theorem 3. The subdivision graph of a graceful tree is a graceful tree.
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Proof. Let (T(m),0,,) be a graceful system, w the vertex of T(m) with 0,,(w)=m,
and (7(2),0,) be the graceful system with vertices  and 0 such that 0(5):1 and
0( Z):2. Fix in 7(2) the vertex v* = v and perform the A.;-construction obtain-
ing T(m)4.,T(2). Using the generalized A-construction, connect the copies 7;(2) and
T(2) in T, — w by the edge 0V (resp. 000U if d(w;, w)=d(w;,w)+ 1 is odd
(resp. even). Then T(m)A4,.,T(2)=S(T,) and the system (S(7,),0,1) is graceful by
Theorem 2. [

In Fig. 4 a graceful system for the subdivision graph of a caterpillar is shown.

Remark. Theorem 3 is not true for graphs. In fact a cycle C, is graceful if and only
if n=0 or 3 (mod 4) (see [5] and also [1]). Therefore C; is a graceful graph but its
subdivision graph Cg cannot be graceful.

Proposition 4. Let S,(T) be the nth subdivision graph of a tree T, i.e. the tree
obtained by inserting n new vertices into each edge of T. Then if T is graceful,
S,(T) is also a graceful tree.

Proof. It is similar to the proof of Theorem 3 using as 7'(n) a path of length n, where

< .
v is an end-vertex. [J



M. Burzio, G. Ferraresel Discrete Mathematics 181 (1998) 275-281 281
Acknowledgements

We are grateful to Carsten Thomassen for drawing our attention to Ringel-Kotzig—
Rosa conjecture.

References

[1] J.C. Bermond, Graceful graphs, radio antennae and French windmills, in: R.J. Wilson (ed.), Graph Theory
and Combinatorics, Pitman, San Fransisco, 1979, pp. 18-37.

[2] I. Cahit, Status of graceful tree conjecture in 1989, in: R. Bodendiek, R. Henn (Eds.), Topics in
Combinatorics and Graph Theory, Physica-Verlag, Heidelberg, 1990, pp. 175-184.

[3] J.A. Gallian, A survey: recent results, conjectures, and open problems in labeling graphs, J. Graph.
Theory 13 (1989) 491-504.

[4] K.H. Koh, D.G. Rogers, T. Tan, Two theorems on graceful trees, Discrete Math. 25 (1979) 141-148.

[5] A. Rosa, On certain valuations of the vertices of a graph, in: P. Rosenstiehl (Ed.), Théorie des Graphes
Dunod, Paris, 1968, pp. 349-355.

[6] D.A. Sheppard, The factorial representation of balanced labelled graphs, Discrete Math. 15 (1976)
379-388.



	The subdivision graph of a graceful tree is a graceful tree
	Abstract
	References


